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INVESTIGATION OF TURBULENT MIXING PROCESSES

By K. Viktorin
SUMMARY

With water as driving medium and delivered medium in a device sim-
ilar to a simple Jet apparatus, the pressure and velocity fields of the
mixing zone were explored with a pltot bar; the ratio of delivered to
driving volume ranged between the values O, 1, 2, and L,

An attempt was also made to analyze the mixing flow mathematically
by integration of the equation of motion, with the aid of conventional
formulas for the turbulent shearing stress, but this succeeded only ap-
proximately for the very simplified case that & driving Jet 1s intro-
duced, in an unlimited parallel flow, while the pressure over the whole
mixing field is assumed to be constant (pt. 2).

.In sﬁite of these dissimilar assumptions for the theory end the ex-
periment, the form of the measured and the computed velocity profiles
indicates a very high degree of approximation (fig., 22).

- The pressure rise, which was approximated by Flﬁgel’s formulas,
disclosed good agreement with the measured values (fig. 25).

INTRODUCTION

Surveys of turbulent mixing flelds publjshed 8O far deal only with .
fields of practically constant pressure (although Forthmann (reference.
vl) presents an experimental arrangement where pressure and veloclty are
measured in a completely closed, abruptly diverging channel, but fails
to give any detalls about the results of the pressure measuremeni)

The principal dbjecﬁ of the present investigation therefore is to

"Uhtersuchung turbulenter Mischvorgange. Forschung auf dem
Gebiete des Ingenieurwesens,vvol 12, no. 1, Jan, /Feb 1941, pp. 16-30.
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survey mixing fields with variable pressure, gimilar to those prevalling
for a jet apparatus.

A further aim was the prediction of such mixing fields on the basis
of Prandtl's formula for turbulent shearing stress, but this was svc-
cessful only under congiderable limitations on account of the mathemati-
cal difficulties involved.

Lagtly, a simplified method of calculation for turbulent mixing
processes was checked for agreement with reality against the measure-
ments.

. BXPERIMENTAL METEOD

Experimental Setup

The -gize of the arrangsment was chosen with a view of meking the
survey apparatus which was used for measuring the pressure and velocity
of the water serving as test fluid, smgll enough so that its presence
caused no appreciable disturbance in the attitude of the flow, while a
certain minimum size of the survey apparatus is necessary for reasons of
menufacture and experimental menipulation. :

_.The order of megnitude of the utilized velocities is dictated by
the demand for convenient experimental manipurlation and absence of sne-
cial difficulties in the positive and negative pressuvres anticipated
dvuring the measuvrement. Furthermore, the velocity head corresponding to
the maximum velocity was to be realizable within the available builiding
space, because it was expedlent for the attaimment of a uniform state
of flow to produce this velocity by mesons of overhead tank with frce
surface.

The setup is illustrated in figures 1 and 2. A pump driven by
electric motor pumps the water out of the filled reservoir 1, through
the suction and pressure line 2 and 3 inbto an overiead tank L, An over-
flow 5 ensures - independent of the speed Tluctuvations of the pump - a
conatant pressure head for the jet and for the supply of the delivered
water volume (secondary water), which is measured by & test nozzle 8 at
the end of the supply line. The Jjet leaves the driving nozzle 9 at a
speed of arouwnd 10 nmeters per second, mixes with the surrounding water
in the cylindrical mixing chomber 13 while giving off momentum and
carries it along with it. The mixture gains the outgide at the end of
the mixing chamber through holes 15 in the envelope of the mixing pipe
14, flows downward through a branch 16, passes through throttle valve 17,
and back into reservoir 1. The water level in the reservoir is so high
that valve 17 is under water; this prevents disagreecable splaeghing of
the outflowing water jet. For the seme purpose the level in the supply
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tank 22 for the secondary water is also maintained high enough by appro-
 priatethrottle-valve: sétting 40 ‘keep-the-mevth--of ~the nozzle-vnder -
water, ., The kinetic energy of the outgoing secondary water stream is
dlselpated in a small gwash chamber 19. Straightener end. screens 20 .
then provide for & uniform inflow to the driving jet. Arranged dlrectly
around the jJet, a narrow-cell straightener 21 (fig. 2) with radial ribs
ensures the elimination of circumferential components, To aveid rota-
tion in the Adriving et ‘the supply llne 6 to the: driving nozzle is like- .
wise fitted with & straightener 10.. Different secondary water volumos
are obbajne& with different test nozzles 8, The quantity of dr*ving
vater -1ls the same for all tests.- .

The meauuring instrument is a long pitot tube 25 (fig.,e), carrying -
- the adtual burvey apparatus at the tapered forward end. Aside from the
dynemic pressure orifice, it is fitted with latcral orifices for record-
~ing the static pressure. Figure 3 illustrates the pitot tube and its
particular tip. Rubber tubing serves as lead to the water and mercury
manomoters. Throttles and glass vessels acting as air chambers are
mounted in the test lines to dampen the occasionally violent pressure
fluctuations., The pitot tube is suspended by rings 2k and small metal .
strips 25 (fig. 2) from a strong iron beam 26 vhich, together with the
suspended’ impact tube, can be moved vertically up or down by means of a
nut and.spindle 27. The height position for each spindle is read on a
scale 28, The ringe and strips which, on backward shifting of the pitot
tube, came directly before or behind the test orifices, are removed,
Distance pieces and welded-on &tops 29 serve for adjusting scale and
pointer, as well as control. The rear end of the mixing pipe is closed
by a plate 32 through vhich the pitot tube is introduced by means of a
stuffing box, which can be raised or lowered with the pitot tube by
hand-wheel and lead screw 33, '

Thus, . by raising and lowerlng the plbot tube and by shirting it
along its axis,. the test orifices can be placed at any desired point of
the vertical median plane of mixing chamber, with exception of the area
adjacent to the wall, which, however, is of less interest in the study
of the mixing processes, A number.of test orifices in the horizontal
median plane along mixing pipe 14 enables pressure measurements directly
at the wall (fig. 4). The position of the pitot tube with respect to a
displacement along its axis can also be read by means of scale and
pointer 34, The pointer is solidly connected 1o plate 32; Lhe scalc is -
scratched on the pitot tube : .

Ca11brations

(a) Overhead tank .- To callbrate the nozzle it was first necessary

to gage the overhead tank. To this end 1t was filled and then emptled
in stages, the drained water being weighed and the respective
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' abatemsnts of the level measured. The mathematically obtained cross- . . .
sectional area FO of the tank showed itself iaxrly constant over the
helght :in question, hence oould ‘be’ used a8 constant in. uhe volume de ter
mlna.tlom . : S

(b) Nozzles - Al1 nozzles are calibrated by disoharge test at “the
place of utilization. The hecessary formulas are briefly outlined (fig.
5). -(Subscript 1 refers to start of outfloy test, subscript 2 to end of
outflow test; differences in helghb lcvel between start and end of test
are indicated with . Al)

: The Voluma of the outflow at gpeed € in tlme 1nterval GL is
equa.l to the decrea,se in volumn, 1n the ovcx'lwad ’sank C

. aFedt = ~FodH )y

where a is the outflow coeFf1c1Lnt From the cneréy equat¢on, applied
'ito cross sections II and III the outflow Ve]OCltu 'C follows at

_....n......éé.ﬂ_,__.

P - o (2)

e 2
Nl -

.where :€~ is the cross-gection ratio F/Fp and { the loss coeffic:ont
of the nozzle

On the premlse of .congtant p1pe friction coeif301ent ‘the. energy
equation, applied to the sect:ons I and 1T, gives

7(3).

jﬁfa.l.é .
i
s Ring
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Integration df equation (1) by means of equations (Q)Iana (3) gives
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- Quantities t, hy, H;, and H> are determined by test, Herewith the
throughflow quantity becomes” B

o 2gh
.G = ocFy = f—f%r 14

Table 1 gives the data for the throughflow quantities in the prin-’
cipal tests for the driving nozzle and the three nozzles employed for
the secondary water nozzles; h is the effective pressure head measured
in the main test, u +the ratio of secondary water quantity to driving
wvater quantity, which approximates the values 0, 1, 2, and 4 for
the four principal test sexriles. . ‘

TABIE 1.- RECORDS OF PRESSURE HEAD h, VOLUME OF SECONDARY AND
DRIVING WATER, AND THEIR PROPORTIONALITY FACTOR p = AS

OBTAINED IN PRINCIPAL TESTS

h G .

(m) < (xg/s) B
5.25 7.19 0
5.28 R 7.68. 1.07
5.19 S 1482 2.06
4.89 .. 28,30 3.9u

(c) Pitot tube.- The calibration of the pitot tube was effected in
the free water Jet produced by the driving Jet, with mixing pipe removed
the pitot tube being supported so as to swing in the axis of the Jet -
the longitudinal plane - or at any desired angle of setting with respect
to the. Jet axls, - It 1s rotatable about its axis in every position. )

" The pitot tube should have the following characteristics witn re-
spect to the recording of the two test quantities '

.. .1. The total head should be indicated without falsification if pos-
sible, even in yawed flow (1. e., when the flow direction 18 other than
parallel to the pitot axis).

2. The static pressure 1ndié§tion should, givé”a‘necessary correé-
tion in the simplest possible form, and be, as far as posaible, inde-
pendent of the yawed flow.
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To-meet the second requirement, it was necessary to’study several
forms before finding & sultable one. T . . S

The first attempt was to establish the limits within which the as-
sumption, that the pressure of the surrounding air prevails in the Jet,
is Justitied. Figure 6 represents two tést series giving the pressure
on the Jjet axis, It ig seen that the pressure bslance .is reached at a
distance of about l-nozzle diameter (30 mm) from the orifice. From this
pregsure 1t is assumpq that it is equal to the pfessure of the surround-
ing a¢r. : : :

All the calibrations enumerated herelnalter were p¢aned 80 that the
romentery test orifice of the pitot tube was placed at a point of the
Jet axis 50 millimeters distant from the mouth of the nozzle, The meas-
ured dynamic pressure corvespondsd very accurately to the speed computed
for the total head from equation (2), where { =0 and ¢~ = 1 /625 ~ 0O
for axis adjacent points. Yawed flow up'to 12° and turning of the survq;
apparatus about its axis ef;eut no cnangc. Thus the first of the xs
guirements is fulfilled. e S

Figure 7 shows the indidaﬁédéstatic ‘pressure head hgy plotied
against the velocity head hg = ¢ /Qg for different angles B Thetween
Jet and survey apparatus axis (dl ferent yawed flows). Two cases must
be differentiated, ,

1. The flow may be diverted against the wide egide (¢ = 900), or

2, Against the small side of the apparatus (o = 0°).

The case a = 0° is obviously wunfavorable for a simple correction
formula because of the substantial departure from proportionality exist-
ing between 1nd10ated static pressure head and VelOuitJ head even at
B=23° At o= 90°, on the otue; hand, hst ‘rémaing unchanged
‘as funétion of - hg as far as B = 89, and even gpr B = 9 the call-
. bration curve differs but little from that for B = 6° in ‘the range of
low velocities. As assumed for the present and also proved later onm,
this insensitivity to yawed flow extends over the greater part of the
mixing field, In consequence, the calibration curve for B = 6€° serves
as a basis for the 1nterprebat;on Ibs equation is according to the
measurements:

- 0.007 hg = Bgy - Bogy
where hgty 1s the true static pressure. The other relation reads
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where hg denotes the total head recorded at the tip of the pitot tube.
"'Then thé desired” quantitles gty hd,‘ and the velocity -¢  follow at:

hst-OOO"(hg

- hstﬁ = — 59 : ;'1' 3 | (h)
| hg=hg - bety . (5)
e = —E—E{ - - R o (e)

In the course of the subsequent measurements it was found that the
survey apparatus was apt to deviate from its calibration curve as a re-
sult of a slight variation in surface condition (material: brass) Hence,
it wes necessary to rub it slightly down with prepared chalk every few
days and then rechalk the original curve by a second calibration meas-
urement; the process was repeated, if necessary.

Mixing Field Suxvey

In conformity with the quantity ratios p =0, 1, 2, and L4 of
the secondary to the driving water volume, four series of tests were car-
ried out, with about 1100 test points distributed in the mixing chamber
for each series. _ .

. The survey started with the static pressure at succcssive points on
the axis and on axially parallel straight lines, axlally distant 20 mil-
limeters corresponding to the identical distance from. the tip of the
ritot tube to the test orifices. Thue each position of the piltot tube
yielded the indicated values for total head and static pressure for two
different points in the mixing field. This fact was allowed for accord-
ingly in the interpretatlon of the measurements. o

These tests on axially parallel straight lines were usually placed
at 10-millimeter radial distance partly above, partly below the pipe -
axls so as to epot'any lack of symmetries, It was further found advis-
able to determine the pressure and velocity distribution more accurately
by closely spaced test points in several cross sections, particularly
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 in, the part of the mixing field adjacent. to the driving nozzle, yhore ,
velocity and pressure vary substanbially wlth Lhe distance from the pixe
axis.

Prior to each measurement the two ducts in the pltob tube and the
manometer tubing wexre blown out to expel air bubbles.

In spite of the damping devices 1nstalled in the test lines, the
indicated pressures fluctuated very severely. Especially disagreeable
were the irregular, protracted fluctuations which entalled observation
perlods of an average of 3 mlnutes

Therefore the graphical repreaentatlon of the explored mlixing
fields reproduced in the following should always be regarded with the
limitation that the quantities represented in relation to the location
are merely averages over comparatively long-time intervals.

Interpretation of Measurements and Test Data

The representatlon of the pressure field is predicated upon. the
assumption.of some chosen reference pressure, as for instance, the -
pressure . yh;. in the annular slot at the driving nozzle entrance (fig.
2). With h' ~and h'st denoting the read-off water column levels of

the principal test corresponding to the pressure at the tip and at the.”

orifices of the survey apparatus (all levels h being measured with
respect to atmospheric pregsure), there is obtained

hgt = h'gt - Das hg h' 8- hl

Pressitre and velocity are computed by equutiohe (%), (5), and (6) and-
then plotted against the distance from the dr1v1ng noazle entrance Tor -
equal distances from the axis. Then & numbor of axially normal sections
are traced through the mixing chamber and for these also the measured
pressure and velocity dlstrlbutlon ig plotted point by p01nt special
attention belng paid to the CTO°S ocotoons with the closely spaced tost’
points.

In the following the prousurc corrospondlng to the value gty is
is indicated with p (p = Yhggy). Flgure 8 shows the prepsurc and
v01001ty in two cross. sections. chosen at. randam.‘- S

The ncyt problem.ls to complomont tho prossuro and velocity dls-:”
tribution established. point by point by a oonbln,uouQ area. - This mekes-
it necessary to fix a rule by. which certain irrcgularities of the_
measured curves are smoothed.
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At greater valiues for ratio p it was found that: the results of a
number of the surveyed cross sections.were not exactly symmetrical with

- theaxis ‘of *the” miXing pipé.  Thé ratios were plotted at exaggerated
-fi’scs.le , a8 in figure 9, where AR is the geometric arxis of the mixing .
pipe, with the points 0y, Oz, 05,  and so forth.. The points ‘1, 2, 3,

1', 2', and-3' are intersection'points of ' the surveyed.-.velocity curves
with pa.re.llels to the axis: of absclssa. 'The points My, Mz, and My~

‘divide the dlstences 11' ' 22' and 33' * in equal parts., For the fur-

ther interpretation the line through ‘M, "Mp, and’ ‘Mg, ‘and’ 50 forth;
wag bent stralght and regarded as axis. The asymnetry is, moreover, .
'slight, the distance of this axis from the line AR’ is, at the most ‘
1.5 millimeters. The cause of this irregularity may lie in the asym---
metry of the inflow for the secondary water; minor. defects in the shape
of the mixing pipe may contri'bute, a deflection of the pitot tube would.
also act in this clirection. S

-The agymme uI‘iGB existing in the pressure curves were smoothed. in

- the same mamner. In the area adjacent to the nozzle the measured pres- .

sure’ distributions over cross sections frequently showed a form as re-
produced in figure lO The measured minimum pressures are not alille by
otherwise pressure curve symmetry.. In. such ceses the arithmetic mean
value serves as pressure peak for the interpreta.tion. Thé causé of this
irregularity mey, aside from irregular inflow, be due to the scattering
of the test points, which is comparatively great at.these very points.
The explanation for this unusual Prossure mimmum will be given else-
vhere, C el A A :

: Figures ll and: 12 represent sections through the pressure a.nd.
velocity. areas ‘for mixing ratio p'=2; figure 13, the pressure distri-
bution in individual sections, and figure 1h,the velocity profiles for
B'®¥2 (x = distance from-driving nozzls). Once the longitudinel and

: cross sections are d.eﬁnitely fixed; these two sets of curves define the
pressure and velocity areas, For lucid. representa.tion these areas ave -
"intersected by a series of parallel planes, ‘the a.na.]ytical expression of

which is p = constant, and c¢ = constant. The section curves are
represented. in figures 15 to 18." The gtreamlines can be, determined by

‘gra.phical integration on the basis of the mea.sured velocity profiles. -

The streamlines are - deterxnined. on the eimplified e.ssumption tha.t
the mea.sured velocity, with sufficlent accuracy, shall be equal to its -
axial component (¢ = cax) At the points of maximum inclination of

the streamlines the difference between velocity ¢ and axlal component

«.Cax - 18-3 %o 4 percent» for - Owconsid.erab.'l:f Jess for B l, 2, h,

The secured streamlines are a.lso shown in figures 15 to 18

Error in the Static Pressure Record. at Points of Great Velocity Gradient

Both Schlichting (reference 2) and Férthmann (reference 1) have
already pointed out that the static pressure readings obtained in flows
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with pronounced lateral. velocity field are defective.; ;The principal
cauge 1s most likely :to be found -in the:strong-pulsating transverse .
velocities accompanying such .flowsj:as is-evident from.the calibration
curves-in figure T, the survey apparatus: is not. insensitlve to this" yamed
flow. The static pressure-record is smaller than agsumed in:the. utillgei
‘calibration cuxve. -But it is:somewhat- wnnsnal that, -according to'r
Férthmenn (reference 1), these negative pressures can amount to as: much
as 15 percent of the impact pressure of the. maximum speed.in the test
Cross.. sectlon.,l as against only about. 1 percent in the present case.d~;“
Approximately the game. value was obteined with g survey apparatuSaof :
circular cross ‘section 6 millimeters in diemeter and lateral test orl-,j
fices. - e o »

, Figure lO shows the form of the discussed negative pressure mexl-'
mums. It most likely is & defective measurement and for the following
reason: since the streamlines in this area ave nearly parallel and
straight, obviously, the pressure on normals can vary- but little. . The
pressure measurement on the axrs is correct or. prectlcally go, because
the 1nterchange of masses is very small. The. probable pressure distri-
bution is therefore somewhat as. indicated by the dashed curve in. tlﬁure.

This. probable pressure distribution An the separate seotlons is .
péotted 80 as to. form a. contlnuous surface (dashed curve in flgs 15 to_
1 . L . oL .

Experimentslulth DrivinéHNoZZle EXtendlngtbeeper into the Mixing Chém5§i

~The position of the driving nozzle relative to the inlet of. the
mlxlng pipe may. reise the susplclon that with ‘the chosen arrangement thea
total rise is adversely affected. insofar a8 the start of intermingllng
occurs in. an area where certalnly some irregulerlty of . flow. 8till ex- -
ists. It therefore seemed desirable to Tmeasure . the wall pressures with -
a nozzle extending farther into the mixing chember 1n order to detect
any. eventual varlatlon of the pressure fleld ;‘ R ‘.vrug,e~_%,;f

Figure 19 shows the lengthened and tne normel nozzle.. E@nﬂ%he

lIt is not qulte clear from the clted reference whether this 15
percent refers to the local impact pressure or to. that of the maximpm
speed in the test cross sectlon.- The second lnterpretetion is rather s
the logical one., e o : R N :

2The greatest negatlve pressure peaks occur in cross sectlone 1n
which the core.of the drivihg Jet nas not ag yet’ d1s1ntegreted, ‘the max- .
imum speed in thebe sections is: thereéfore identical with the discharge -
velocity of the driving Jjet from the nozzle.
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" tests with the normal nozzle thée pressure 7hy in the annular slot of
"' the nozzle (fig. 2a) served as reference pressure. Between this pressure
“'and “pressure 7Yhz (test station, £1g.71) the following relation exists

7(hp - hi) =8

a assuming a specific value for each mixing ratio. Now, however, this
pressure cannot be measured directly and is therefore calculated from
the above relation; & 1is taken from the previous tests, hp I1s read
off, as usual, ' :

‘ The tests indicate that. the pressure rise with long driving nozzle
is very similar to that obtained with short nozzle, except for being
shifted backward for the excess length of 120 millimeters of thé long =
nozzle., The somevhat unfavorable-inflow for the start of the mixing
with short nozzle has therefore no adverse consequences on the total
pressure xrise,

THECRY
Simplified Assumption and Method of Solution

An attempt was made, at first, to make mixing processes of the
kind sexrving as basis of the experimental study, amenable to theoretical
treatment by means of Prandtlts shearing stress formula, but these at-
tempts were frustrated by mathematical difficulties. Then it was
attempted to make flows which spproached the explored mixing flows as .
closely as possible, amenable to theoretical study by simplifying as-
sumptions. . '

In the following the intermingling of a Jet with a parallel flow
acting in the same direction by axially symmetrical arrangement and the
assumption of constant pressure over the mixing field is treated as a
flow of this kind. As for the previously computed mixing flows (refer-
cnces 3, &, 2, 1), the followimy cssupblons are made: ’

1. The mixing proceeses in cross sectione with varying distances
from the start of mixing shall be geometrically and mechan-
ically similsr.
"2, The mixing path 1 shall be constant over a cross section end,
therefore, proportional to the_width-qf’the'mdxing>zonel fa-i;

1 Agssumptions 1 and 2 were originally made by Prandtl (reference
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- different croes secbions, according to the first assumption.
The proceaure is briefly as follows: essumptions 1 and 2 in
conjunction with the' impulse ‘theorem themselves make it pos-
sible to find a law for the increase in width of the mixing
field (as in references 4 and 2 but originally shown in
reference 5). Herewith is suggested a formula for the ve-
locity, which, together with Prandtl's shearing stress
formula, reduces the employed simplified equation of motion
to a common differontial equation, the solutlon of which
presents no dlffjquty. o

Solution

(a) The Prandtl sheering gtress formila,- In side-by-side flow of
1ayers of. density o with a velocity gradient largely perpendjcu1ar bo
the prlncipal velooity, the interchange of momentum introduces an appar~
ent turbulent shearing stress, which 1s expressed by _

on' du!' ' ,
T =pz?.(i) = 7
oy dy

where u' - is the average local velocity in =x-direction, y the coordi-
nate at right angles to it, and 1  the convection path, The average
local transverse velocity v' .of the mixing process, which causes the
momentum interchange, is proporiional to

hence

v (8)

(v) Formula For the v31001ty.- From the similar¢ty of the state of
flow in different cross sections follows - .

1=ab S ‘(9_),
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Land for similarly placed points of different cross sections the' propor-
tionality relatlonv : R , )

oM, W
N

o 1s a proportionality factor, b the width of the mixing field, wu
the relative velocity in respect to. the parallel flow of velocity U:
hence

léu'

Wl =U+ u and’whence R—— jéi
' : By B;Y

With it and equations (8) and (9): v'~ou. In addition

v' =-§E-=-§E-§E-= u' §E~r (U + u)%E

dt dx dt ox X

The only case considered hereinafter is that where u 1s negligibly
small relative to U, which is at least admissible for sufficient dis-
“tance from vwhere the mixing starts. Then

A relation between u ° and 'ﬁ""fbr integrating equation (10):is afforded

by the impulse formula, applied to the control space according to figure

20 : . . . B

N LI L R - o .
— 2U uydy : (11)
2up.

.",... 'Q

wherein one term u® is neglected against 2Uu; J is the impulse of
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the driving  jet, only the increased velocity relative to the parallel
flow coming in conmderatlon as velocity portion. The-integral is pro-
portional to a product ub when u is the value for dlfferent cross
sections taken at similarly placed points. With it u~n/b® (m3/sec)
n being a constant. The integration of equation (lO) then gives

':: ‘3U,..: . b3
AR or x ~<..—)

where & = (n/U)"/ 3. for short. Similarly placed points of different
cross sections therefore are sitvated on curves of the family

y F
= . = = constant 12
1 = T oxli/s . ( : :

The w)reloclty formule suggested in this and similar cases (references 3,
L, 2 ,

= Usp(x)£(n) 4. (13)

where q) is a function of x a.nd f a function of 1, &ives, in cori,-.-_
Junction with the condition that according to equation (11) the impulse
in éach cross section has the same value, hence must be independent of

Xx:

o(x) x2/3 = constant

Herewith equation (13) is transf'ormad. as follows (uhe constant being now
included. in . £{n)): : ‘ . .

u.=‘ -—‘—'- f(n)" (lh)
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(¢) Integration of equation of motion.- Figure 21 represents &
ring element of the explored Tlow which is bounded by stream surfaces
and planes normal to the x-axis, The impulse formula for this element
under the assumption of constant pressure reads:

R - @B = 0O (15)-

dR sgignifying the increase of the frictlonal or shearing fbrce in radi-

al direction, dB the increase of momentum in axial direction. Dis-
counting the minor slope of the streamlines relative to the axis, both
exprossions are developed by ‘the continuity equation and the relations

® =L a; w=-RBay

ox dy

where B = mc (m = specific mass of flow, ¢ = its velocity),

R = Towydx. So, finally, the equation of motion in "natuvral" coordi-
nates reads

(16)

In view of the nearly axially parallel flow, c¢ < u' can be reasonably

 approximated to ¢ ~ u' = U + u, Thisg affords, with the effected omis-
.sion of u relative to U: ‘

U?ﬁ:ié@ ' (17)
X . py O o

\ ' : . 5
The expressions for u and T , according to equatioms (7) and (1),
are now writbten in-this equation, whence;, with the use of equation (12)
and the relation Y

1l~Db~ sxl/3 or 1= ksxl/3 . (18)
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where k. denbtes an as yet unknown quantity,

_ 2 30 ne'3m)]

f;[thﬂ + £ )n In -

or (19)

(2nf + 13F")an

i}

3 k2a(nr'2)

f' %being the derivation of f with respect to 7. The equation can be
integrated once:

12f - 3kPf'2 = C (20)
For nn =0 follows C =0, since ¥ and f' remain Pinite:

nf - x3¢'2 =0 (21)

Equation (21) can be integrated after separating the variables:

NET:

The constant C; follows from the boundary condition that for u = 0,
n itself has a well defined value 7,. For u =0, f(n) is obviously

also equal to O, hence ;

5 [2 -
C, = - 30 - (23)

3/3k

f=gﬁﬂmgz (22)
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Equation (22) then reads:

f(ﬂ) [“~—~—(n3/2 03/2)]2lf;: | ' (2#)

A furfher boundary conditionvdefihes'the 5t11l unknown quantity s and
‘the limiting value n,: the difference of the impulses over each axlally

~ normal plane upstream and doymstream from the driving Jet entrance must
yield the impulse J ‘of the driVLng DI

“Hénece, according to equations'
(11), (14), ana (24):
Mo \ ‘
= hnpj/}U255<3'n3/2.+ Cl> n dn (25)
. /3K

5

The 1mpulse J and the. temporarlly undetermined 8 ‘are constants.
Since u and k are dlmensionjess the formula can be written

J = pU%s®

This neccussarily specifies compliance with the qondition

1 e
<3J3k)2

/[}“3/° “/2)“ 7 dn.

whence:

S1se Bl e (2%a)
aﬁd, with the use of equation (23):

Cy = -0,hL8 2/
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~Then the complete expression of the velocity wu is:

O o S
II< N3 /3 o S

/ . *n/ "2
u = [ A -0 x™2/5 | (26)
?2/3 3«/51;.(_.2'_:: 1/3
S N\ pl2 ‘

The boundary of the affected zZone has, according to equation (25&), the ’
form

Yo = <x__‘1_. 1/3 1.756 x2/5 (27)

pUZ

From equation (26) the velocity distribution in a section perpendicular
to the axis then follows suitably dimensionless es quotient wug, g

being the velocity in the axis., Put for the sake of simplification,

1/3
pU=

z2/3

U

the velocity on the axis is
= HC;2

and put, furthermore, = = dn., whers © may essume any numerical valwe
from O to 1, there 1s obtained s

= (83/2 . 1)2

u
Vg

||
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The computed velocity profile is represented in figure 22.

COMPARISON OF CALCULATION AWND EXPERIMENT
Decrease of Velecity on the Axis

andilncrease-bf Width ofAthe Mixing Field,

According to equation (26) the- velocity on. the curves - - 7. = constant
decreases conformably to a power law, This decrease should be particus
larly easy - to verify for the axis (q = 0). According to a gipilar,
simple ‘power law the width of the mixing - zone increases with' the distance
from the ‘point where the mixing starts, cquation (27).  Both ldws are
developed on the premise of constant pressure in the mixing chamber:
without consldering boundary walls.-

Because of the substantial pressure rise occurring in the measured
mixing field, the velocity must naturally drop much faster than obtains
by a calculation on the assumption of constent pressure, and the in-
crease in mixing zone width in the cylindrical pipe also will differ
from that in the unlimited parallel flow, Therefore it is not a priori
possible to find these theoretical laws realized in the executed mea.s-
urements.. . And in corsequence it is also impossible to define from these
tests the theoretically 1ndeberm1nable eonstunt k empirically in its
order of magnltude '

For the -case of mixing of a round Jet with the surroundlng still
air ‘the ratio. Z/yo can be taken from the tests with the value 0,0738,

according to Tollmien (reference 3). On the assumption that Z/yO

shall be 0.0738, equations (12), (18), and (25a) give the value
k ~1/30. : ‘

Form of Velocity Profiles

Although the assumptions for theory and test differ, the form of
the measured velocity profiles suggests a comparison with the theoret- -
1cally computed velocity distribution. OF course, this involves only,;1
cross sectione of the mixing chamber in which

1. The .sound, ummixed core of the driv1ng Jet is already comy_v.
pletely gone and for whlch ‘

2. The mixing motion has not advanced too close to the wall
proximity, so that it is still logical to define a
theoretical inflow velocity U of the delivered water:
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N Gz
7(Fr - Fo)

Go (kg/sec) is the delivered quantity of water, F, the mixing pipe
cross section, and F, the driving Jet cross section at the exit from

the driving nozzle. Figure 22 shows, aside from the computed velocity
distribution, several of the measured velocity profiles for u =1, It
is seen that an acceptable agreement exists between theory and test
~throughout the partlcular zone, in spite of the fact that the theoreti-
cal assumption that M should be small compared to U, does not hold.
for the cross sectlons employed for the comparison, : :

APPROXTMATE ANALYSIS OF THE MIXING EROCESSES

Flagel's Method

In Flugel's article (reference 6) on the calculation of Jet appa-
ratus, a dragging force effective between driving Jet and entrained jet
is presented in an unusually simple manner, Figure 23 shows a driving
Jet vhich entrains the surrounding fluid through mixing motions. For
gimplicity it is assumed that in each cross section the velocity c¢» of
the delivered medium and the velocity c¢; of the driving Jet shall be
constant. The effective dragging force dR on a surface portion 40
of the boundary area between driving and entrained Jet shall then be:

aR =¥, x (cy - c2)® a0

- 2g

¥ 1is a kind of friction coefficient. WNext, the impulse formula is ap-
plied to a small scctor of the driving Jjet and the dslivered jJet. After
various transformetions a differential equation is obtained which, among
others, 1ls solvable also for the assumption of constant throughflow
crogs scction F and thus makes it possible to compute the velocity
ratio Gg/cl; that is, the degree of mixing for different distances fram
the start of mixing. The final formulss according to Fligel's report,
are briefly introduced: . : _—
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f;; 10 - asPo [(cl(,)a/a -1 ]

(Ki - Ké) L= al( [~ - 1

a
rag I (em
10 c
1-pogy 17 Po /P Ql/— “‘) l+f5'5)
Cix
Geeax : o
CEX e ' ' . (29)
F'}'Clx ~ Crl
G G2 T
&p =—— (c10 - c1x) ~— (cax - Cao) - A /= lczzo Cax X (30}
gF Pga Co
Herein:
Cyp driving Jet velocity \ at referonce cross section A-A
czo velocity in entrained jet J (rig. 2h)
Cix driving Jet velocity S at distance =x from the reforence
Cox Velocity of entrained jJet J cross section
Vs
X = L
. X‘J/;_Gl
Ko = /1 & ko2 [ ( i >'\/Qn

‘\/G1+G> l—pm
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om % Pobx

a3

Qo

1

#

fi

G2 + Gy ‘
Frcio
Gl + GE

Freax

Gl -+ G2

ky kKo

quentity of driving water
guantity of delivered water

pressure rise relative to pressure in reference crogs section

cross section of pipe
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A . .coefficient. of friction for the pipe wall (assumed. for the numer-
1cal calculat*on at x = O 005)

Verif'ication of the Dragging Force of the Driving Jet

.- The survey:of the velocity field and the pressure field in the mix-
ing chamber can serve.as. basis for an empirical predictlion of the.- ‘
friction coefficient: y. from eguation (28). The caleculation is espe-
cially simple for mlxture ratio. p = O, the quantitics =a, and fg. Of.
equatlon (28) are oqual to zoro in this case, Tho velocity

: C_]_x = Cg}_ = Gl/)’T

' in the smoothed cross section i thcn computed and from the representam
tion .of <the.pressure and velocity flold the distance x from the start
of mixing where velocity and preossurc may be régerded as smoothed,.is -
ragoertained.  Everything in oauatlon (28) is then known oxcept the
looked for x.

A 51mllar attompt for tho cape of u 1, 2, and h @ncounters the
difificulty that the expression pgy Clo/Glx in the smoothod cross gectimn

becomes equal to unity. Thon the third and fourth term of equation’ (28)
become infinitely great; that is, the cquation states that unlform Ve~
locity ‘oceurs only for 1nf1n1to pipo length.

‘To dotormln“ X “in thege cases, sclect mixing ficld sections: of
not quite completed velocity compensatlon and read off an average veloce
ity value for the area of the driving Jot from the surveyed velocity
profilé, -which then, entcred as cix, together with the distance x ~of-
the particular cross section in equatioh (28), makos it possible to com-
pute the value Y. The choice of cross sections should not go too fay in
the ares of the almost: umpothcd zone, else the expression po 010/011 '
approachas unity too much and- Lhe denomlqators of the third and fourth
torm bgcone almost zero; hence an inaccuracy ‘of “the read-off bcrm acts
comparatively vury fa1s1fy1ng on the res ult '

Table 2 contains the computed % ;n two ref@rcnpb scctlons, cach
Tor- the four~m1xture ratloq S . : - .

TKBLB 2 - VAIUES x IN TWO BEEERENCE SECTTONS FACH

B 0 1 2 Yo
x (m) 7 0.95" "73;85fﬁf.’6iéd“’“f 0.90 1.00 |15 1.35
cix (m/sec) | .30 a0 - .80 |10 0 1.15 0] 1.70  1.50
X -1 .102 .093 L1119 .087 .108 J10 ¢ deT
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So. for the use. of equation (28) a value of ‘x » O;l should be reason-
able, R

The Pressure Rise .

. The pressure rise is preferably obtained by calculatlng the respec-
tive value x from equation (28) for a number of the assumed valucs
Clo/er, the value ¥ = 0.1 is utilized., After -cox .1is compubed by

equation (29) the respectlvc A@ is then found from @quatlan {30).

Flgure 25 shows the pressure dlstrlbution measured along the wall
of the mixing pipe and that computed by the cited method. As regards
the tobtal pressure rise, good agreement obtains between theory and test,
except for the fact that the measured pressure curves are congiderably
-shifted into the mixing chamber as compared to the calculated curves. -
For the case p =0 the theoretical pressure rise is slightly less than
actually obtained by the measurement, This might be due to the fact that
Tor this case an exceptionally heavy vortex ring is formed in the for- .
ward part of the mixing chamber, the forward and backward flowing part
of which contributes impulses in the sense of an increased pressure rise
(fig. 24). The same conditions are to be found to a leswer extent for.
C=le o

The pressure rise computed for p = 0 presents another unusual
feature; that is, the curve Ap = £(x) (see equation (30)) exhibits a
vertical tangent at point x = 0,978, or, in other words, the cited

x-value represents a regular maximum of the curve X = flciofcix) (see
equation (28)) at the point cix = G/(?F) This part of the pressure
curve is reproduced at the right-hand side of figurc 25. The dashed
branch‘of the curve.for Cix <»G/7F" has no longer any physical meaning.

; The prcssure measured along the mixing pipe wall represonted in
figure 25 is not, .as heretofore, referred to the pressure. yh; at the
driving nozzle cntranco, but, like the calculated pressure rise, ro-
ferred to the pressure p* in the reference ectlon A-A (Tig. 2&)
A-A was placed at the start of the cylindrical mixing pipe to ensure
the simplest possible application of ¢po. The driving nozzle may be
visualized as being lengthened up to the section A-A, so that for the
inlet impulse at velocity cio0, the (numerically vory small) increasc

due to the pressure drop (7hi - p*) must be taken into consideration.

The determination of 7p¥ proceeds from the recorded pressure rhos
the equation of energy gives the pressure drop OApse due to the veloc-
ity increase from test point to inlet cross section.

. Hence:
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Opoe = Yhgiziphi & — (c¥2 - ¢x%)

With the assumption that the mixing pipe section through contraction as

a result of the somewhat unfavorable-form of inlet, ‘as well as the ex-

istence of the rlng vortcx, is blocked by about 1/4, +theé following
values for A@go are obtalnea. 4

Mgz O 8 - 32 ... :fll6,~rmn of water col.umn

Then, if the recorded. pressure difference 7(h2 - hl) for each mixing
ratio is denoted by .a, -the difference between the prevloue and the
presently employed reference pressure is

7hy - p* = Opoe - 2

The subsequent compilation contains fhe'%est values &a and the desired
differences

]

M o 0 T - b -

a ST 0 . .+ -k REh Jﬁkft _:{ 26 mm of water
: R 7 column

(Apge - a) 0 y 22 90 mm |

Hence, to arrive at the pressure rise plotted in flgure 25, the value
(Lpze - &) must be added to the pressures shown in flgures 15, 16 17,_,
and 18, PRl , "

‘,'

Translation by J. Vanier, , » '
Natlonal Advisory Committee : .
for Aeronautics. :
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Figure l.- Experimental set-up. %

l, tank; &, intake line to pump; 3, pressure line from pump;
4, overhead tank; 5, overflow; 6, downpipe to driving nozzle;
7, downpipe for secondary water; 8, test nozzle for secondary
water; 9, driving nozzle; 10, straightener; 11, stop valve;
12, stop valve; 13, mixing chamber; 14, mixing pipe; 15, ori-
fices in mixing pipe (fig. 2); 18, deflection branch; 17,
throttle valve; 18, inlet from water piping; 19, small swash
tank; 20, straightener and screens; 21, straightener with
radial ribs (fig. 2); 82, inflow tank for secondary water;
23, pitot tube %fig. 2); 24, suspension rings; 85, brass
strips; 26, iron team; 37, nut and lead screw; 28, scale and
pointer for reading level; 29, stops for control of level;
30, tension wire; 31, tension weight; 32, plate with stuffing
box; 33, hand wheel for raising and lowering plate; 34, point-
er for axial displacement of the pitot tube.
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Figure 3.- Pitot tube and tip. Figure 4.- Disposition of test
orifices.
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Figs. 5,6,7,8,9,10
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measured velocity profiles.

Figure 10.- Pressure profile near
driving nozzle; the
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indicated by dashes.
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Figure 1l.- Velocity distribution over the length of the
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200
kot
720
700
0
r 2 ~_ N
| T
-0 %—QE_&//
|7
~700 N
N 2
a0 T | L B
700 200 300 400 500 600 200 800 900 w00 7700 200 7300 mit 7600

-z

Figure 12.— Pressure rise over the length of the mixing
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for different u.
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with the applied forces.

Figure 19.— Normal and
lengthened
driving nozzle.
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Figure 23.- Calculated and
measured velocity
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Figure 23.— Schematic sketch of driving jet, which entrains
the surrounding medium as a result of mixing
motion (from Flugel report).

Figure 24.- Ring vortex with impulse contribution in the
sense of increased pressure rise for in and
outflowing portion.
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Figure 235.- Measured and calculated pressure rise.




